The dynamics of a Bose-Einstein condensate are examined numerically in the presence of a onedimensional bichromatic optical lattice with external harmonic confinement. The condensate is excited by a focusing red laser. For this purpose, the time-dependent Gross Pitaevskii equation is solved using the Crank Nicolson method in real time. Two realizations of the optical lattice are considered, one with a rational and the other with an irrational ratio of the two constituting wave lengths. For a weak bichromatic optical lattice, the long-time averaged physical observables of the condensate respond only very weakly (or not at all) to changes in the secondary optical lattice depth. However, for a much larger strength of the latter optical lattice, the response is stronger. It is found that qualitatively there is no difference between the dynamics of the condensate resulting from the use of a rational or irrational ratio of the optical lattice wavelengths since the external harmonic trap washes it out. It is further found that in the presence of an external harmonic trap, the bichromatic optical lattice acts in favor of superflow.
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I. INTRODUCTION
The realization of quasidisorder in a bichromatic optical lattice (BCOL) has hitherto been achieved by the superposition of laser beams with an irrational ratio of their wavelengths [1] . As such, the resulting quasidisorder and its effects thereof on the properties of a BoseEinstein condensate (BEC) is of significant interest. Indeed, there has been considerable work on the application of this type of OLs [2] [3] [4] [5] and its effects on superfluidity [6] , where a rational approximation to the real irrational wavelength ratio, has been considered. Yet to what extent a rational ratio would have on the properties of a BEC in this type of lattice has, to the best of knowledge, not been explored, e.g., in terms of the dynamics of the BEC. In the latter case, one talks about a BCOL with quasiperiodicity.
That said, it should be mentioned that earlier, the dynamics of a BEC have been explored in a periodic as well as a superlattice [7] . In addition, the localization of an expanding BEC has been examined in a disordered potential [8] . The latter focused on the regime where the interactions dominate over the kinetic energy and disorder; a regime that is considered in this work as well. The dynamics of BECs in quasidisordered potentials is also attracting significant attention in a quest for observing Anderson localization in BECs without interactions or with repulsive interactions [8] . It is worthy to note, that Adhikari and Salasnich (AS) [9] studied different aspects of localization of a BEC in a 1D quasiperiodic BCOL. They particularly investigated the effect of variation of optical amplitudes and wavelengths on the localization without interactions. It has been found that a small nonlinearity is capable of destroying the localization of the BEC. Verma et al. [10] studied parametric excitations in an elongated cigar-shaped BEC in a combined harmonic trap and a time-dependent OL by using numerical techniques. In other work, Cheng and Adhikari [11] studied the localization of a cigar-shaped superfluid Bose-Fermi mixture in a quasiperiodic BCOL for interspecies repulsion and attraction; Nath and Roy [12] recently provided an exact analytical model for the dynamics of a BEC in a BCOL. It has been found that the overlap of two OLs of different depths and incommensurate wavelengths results in geometrical frustration of the BCOL. As the depth of the latter rises, the lattice frustration increases which allows more inter-site tunneling of the BEC. Therefore, questions of the following type arise: Is it possible that in a combined harmonic plus BCOL potential an increased lattice frustration leads to a higher kinetic energy? Perhaps a rise in V 1 allows more tunneling between the lattice sites? How strong is the influence of the harmonic trap as compared to the BCOL in determining the dynamic behavior of the BEC? These are questions that shall be tackled in this paper. Of importance is the interplay between the BCOL and the interactions in the degree of localization. What is significant in this work here, is that the role of the external harmonic trap is added to this interplay.
Next to this, it should be mentioned that the dynamics of BECs in traps have led to a surge of investigations, such as the BECs excited by moving obstacles [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] . The obstacle is a potential barrier generated by a Gaussian laser beam [22, 28] , which can be repulsive or attractive. So far, mostly repulsive obstacles have been obtained experimentally by a blue-detuned laser beam [20, 22, 24, 25] ; here an attractive obstacle is considered which is generated by a red-detuned laser. [23, 26, [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] . The goal is to investigate whether a combined harmonic plus BCOL trap is able to suppress the effects arising from exciting the BEC by a stirring agent.
In this work, a comparison is chiefly made between the effects of a BCOL with a rational and irrational ratio of the constituting wavelengths on the long-time dynamics of a BEC in the presence of an external harmonic trap. An investigation most relevant to the present work has been undertaken by Cataliotti et al. [5] , who examined the dynamics of a BEC in a combined harmonic and periodic OL potential. There it has been shown that the atomic current and phase difference between adjacent lattice sites oscillate at a frequency related to the trapping strength and that the frequency of the dipole and quadrupole modes depend on the height V 0 of the OL. The tunneling rate was found to decline with V 0 .
The current investigation is for the purpose of examining the effects of a BCOL on the mobility of the bosons in a standard mean-field approach. The long-time evolution of the BEC is particularly explored by computing the averages of a number of physical observables over extremely long times, the key results being as follows: (1) it is demonstrated that the dynamics are not influenced by the differences arising from a quasidisordered or quasiperiodic structure of the BCOL as the harmonic trap overcomes them. In this regard, there is no effect arising from the lattice frustration; (2) at low primary OL-depths V 0 , the long-time averaged dynamic physical observables of the BEC do not change with an increase of the secondary-OL depth V 1 . However, for a larger V 0 beyond a certain value, V 1 begins to influence the BEC dynamics. In the latter case, the band structure of the system begins to change significantly under the effects of an increased lattice frustration; (3) the effects of a secondary OL in the presence of a primary one of a high intensity (∼ 100hω ho ) induce modulations in the BEC wavefunction whose effects are manifested through the kinetic term.
The organization of the present paper is as follows. In Sec.II the method is briefly outlined. In Sec.III the results are presented and discussed. In Sec.IV the paper concludes with some closing remarks.
II. METHOD
The method has been explained earlier in previous work [39] [40] [41] and the reader is referred to them for details. Essentially, the time-dependent 1D GrossPitaevskii equation (GPE) in units of the trap [40, 42] 
is solved numerically via the split-step Crank-Nicolson method [42] in real time. The accuracy of the CN simulation has been established in Ref. [9] . In Eq.(1)
is the laser potential (LP) with A the depth of the LP, v its velocity, and β the parameter describing its width. ϕ(x; t) is the wavefunction, V OL (x) the BCOL decribed below, G the nonlinear interaction parameter given by [42] 
with λ and κ the anisotropy parameters describing the width of the harmonic oscillator ground state wavefunction in the y and z directions, a s the s-wave scattering length, N the number of particles, and ℓ = h/(mω ho ) is a length scale so that a ho = ℓ/ √ 2 is the trap length. Is is understood that (1) was obtained from the 3D GPE after integrating out the y and z dependence [42] . For the present purpose, we set λ = κ = 100 in order to obtain an exactly 1D system. ϕ is the wave function that is normalized to 1. The system is bounded by a box potential of size 2L so that −L ≤ x ≤ +L and in order to enforce the boundary conditions, we set ϕ(x = ±L) = 0 and dϕ(x)/dx| x=±L = 0. The units are explained in Sec.II D below.
A. Bichromatic optical lattice
The BCOL is generated by
where V 0 is the primary, and V 1 < V 0 is the secondary OL-depth. The parameters α and β determine the periodicity of the OL, that is, whether there is quasiperiodicity or quasidisorder. A measure for the strength of quasidisorder can be obtained by computing the standard
and
determine a degree of disorder largely influenced by the external harmonic trap.
B. Physical observables
The time-averaged physical observables that we shall be looking at are the zero-point energy
the kinetic energy of superflow
φ being the phase of the BEC, the interaction energy
the energy due to the external harmonic trap
and the root mean square of the BEC size
We particularly focus on the kinetic energy
because the effects of the secondary OL are largely manifested by E kin (t). Its importance lies in the fact it is a combination of the zero-point energy (quantum pressure) and the kinetic energy of superflow.
C. Time averaging
The goal of averaging the physical observables (7-11) is to study their long-time evolution. Therefore, the averaging procedure of the form
where O(t) is a physical (o)bservable, washes out all the details of the evolution of O(t) with t and concentrates on the overall performance O over a very long time T . Indeed, the latter observables (7-11) fluctuate with time about a well-defined average O . The fluctuations are measured by the variance
where
D. Numerics
The system considered is a BEC composed of Rb 87 atoms at a temperature of T = 0 K that have an swave scattering length of a s = 5.4 nm [43] . The external harmonic potential has a trapping frequency of ω ho = 2π × 25 Hz [43] and the box surrounding the harmonic trap has a length of 2L = 50. Lengths and energies are in units of the trap a ho = h/(2mω ho ) andhω ho , respectively, and time t is in 1/ω ho . Hence, ℓ = √ 2a ho = 2.16µm and a ho = 1.53µ m. The interaction strength is set to G = 1087.65 [in units of (
, which is in the strongly interacting regime, in order to be in line with the Lieb-Liniger parameter in experiments on bosons in a 1D OL [44] . The wavefunction ϕ is in units of a −1 ho . From Eq.(3) with λ = κ = 100 and the above parameters, the number of particles is determined to be N = 1538. The depth of the LP is chosen A = −30, width parameter β = 4, and its velocity v = 2. Using the previous information, v = 1 in trap units is then equal to 2.4×10 −4 m/s which is in line with previous experiments [45] .
The CN simulations were conducted in the transient regime [40] [41] [42] , i.e., after and not including the initialization process, for a substantially long time of t = 10000 on the excellent computational cluster of the Max Planck institute for Physics of Complex Systems in Dresden, Germany. In essence, this was a heavy-computational project taking ∼ 2−3 days of CPU time for each simulation. The time step used was t = 0.0001, and the spatial step size was 0.01 therefore yielding 5000 pixels.
The depths of the BCOL were chosen to that V 1 is always less than V 0 , where 5 ≤ V 0 ≤ 100 (units ofhω ho ). In this work, we set α = 0.4 and β = 1.0 for a quasiperiodic BCOL on the one hand, and α = 0.4, β = 1.3 for a quasidisordered one on the other hand. The recoil energy in units of the trap is E rec = (απ) 2 /2 which for e.g. α = 0.4 is 0.7896 so that V 0 ≫ E rec . It must be emphasized that the latter ratios of β/α = 2.50 (for α = 0.4 and β = 1.0), and β/α = 3.25 (for α = 0.4 and β = 1.3), are rational approximations to irrational ratios. That is, had we instead taken e.g. α = √ 0.161 and β = √ 1.01, then β/ α = 2.50654... is very close to β/α = 2.50 and there would not be much difference between the BCOLs resulting from the latter ratios and the dynamics thereof. Is is believed that the above statement is worth investigating experimentally.
III. RESULTS AND DISCUSSION

A. Preliminary: strength of quasidisorder
It is important to examine the change of the standard deviation δV with V 1 to get a sense for the competition between V ho (x) and V OL (x). For this purpose δV is listed in Table I for various realizations of the BCOLs in this work. It can be seen, that for a small V 0 = 5 there is quite a weak response of δV to changes in V 1 , whereas for a much larger V 0 = 100 this response is more pronounced. The harmonic trap plays a significant role in reducing the effects of the the quasiperiodic or quasidisordered structure of the BCOL. This in turn is manifested in the dynamics of the BEC as shown below.
B. Time-averaged physical observables
The following results display the long-time averaged physical quantities (TAPQs) [Eqs. (7) (8) (9) (10) (11) (12) ] for various realizations of the BCOL. Figure 1 shows the TAPQs for V 0 = 5 with and without an excitation agent. The TAPQs hardly change with V 1 because the interactions E int are dominant and suppress the effects of disorder and kinetic energy E kin . The application of a stirring laser (with A = −30) causes only E kin and E zp to be higher than for A = 0. For A = −30 E kin ∼ 0.94 and E zp ∼ 0.32, whereas for A = 0 E kin ∼ 0.26 and E zp ∼ 0.09. There is no difference between the BCOL with β/α = 2.500 and that with β/α = 3.250. For V 0 = 5.000, the dynamics are therefore largely governed by the external harmonic trap, and the system cannot distinguish between the latter two ratios. int (solid down triangles). Lower frame is as in the upper frame with the same labels; except that that the system is excited by a red laser of depth A = −30 at a velocity v = 2. All TAPQs and V0 and V1 are in units of the traphω ho , whereas Rrms is in units of a ho = h/(2mω ho ). Fig. 1 ; but for V 0 = 20. At this stage, E zp and E kin respond now more to changes in V 1 and the difference between the two ratios of λ 1 /λ 2 has no influence. Again, R rms and E int remain unaffected.
Figure 2 is as in
At even higher V 0 such as 100 in Fig. 3 , the response of E zp and E kin is clearly significant, but the effects due to the stirring laser are suppressed by the strong BCOL. It is known that the center-of-mass motion of a harmonically trapped gas is decoupled from the relative degrees of freedom when the only force acting on the BEC is that due to the harmonic trap. It is peculiar then, that although the red laser in our work couples to the COM motion of the BEC [41] , the BCOL overcomes the stirring effect of the red laser.
At low V 0 , the effect of lattice frustration is absent in our systems because the external harmonic trap suppresses it. With an increase of the lattice frustation depth, more intersite tunneling of the BEC is allowed [12] and the kinetic energy rises thereof. Indeed, the secondary OL in the presence of a primary OL of a high Fig. 1 ; but for V0 = 20. All energies, V0 and V1 are in units of the traphω ho , whereas Rrms is in units of a ho = h/(2mω ho ). Time Averages Fig. 1 ; but for V0 = 100. All energies, V0 and V1 are in units of the traphω ho , whereas Rrms is in units of a ho = h/(2mω ho ) intensity (e.g. V 0 ∼ 100hω ho ) induces modulations in the BEC wavefunction whose effects are manifested through the kinetic term. The increase of E kin with V 1 at V 0 of the order of ∼ 100hω ho indicates that the BCOL is helping to reestablish superflow in the system since E f low (t) [Eq. (8) ], included in E kin (t) (12) , is also rising with V 1 . The current simulations at low V 0 are dominated also by the nonlinear interactions. Clearly, there is a competition between the strength of the BCOL and the interactions in determining the dynamics of the system at hand.
An analytic argument can be added by describing the system at hand using a series of Bloch-functions Fig. 3 ; but for β = β (c) = 1.414213562373095 instead of β (b) . All energies, V0, and V1 are in units of the traphω ho , whereas Rrms is in units of a ho = h/(2mω ho ).
where n is the band index, and q the quasimomentum. Hence, the total wavefunction
when substituted into Eq. (7), yields that
and therefore E zp ∼ q 2 approximately speaking. As V 0 and V 1 rise, the total number of energy bands rises as well yielding a larger E zp (t) according to Eq. (17) .
What is the effect of using an irrational value for β such as √ 2 = 1.4142135623731...? Will there be any additional effects thereof? Fig. 4 is the same as Fig. 3 ; except that it uses β = β c = 1.414213562373095 arising from a rational approximation to √ 2. Comparing the two figures, one can see there is no qualitative difference in the behavior of E kin and E zp ; as such the external harmonic trap washes out the differences arising from the latter two ratios. 
C. Disorder vs oscillator energy
A stronger response to changes in the structure of the BCOL is revealed by the disorder energy
(which is exclusively connected to the BCOL) as compared to the harmonic oscillator energy E osc (t) given by Eq. (10) . This is shown in Fig. 5 for several cases of V 0 . It can be concluded that the interplay between BCOL and the dynamics of ϕ(x; t) is stronger than that between HO and |ϕ(x; t)|, as the former yields the stronger response to V 1 . Further, in frame (A), the response of E dis increases as V 0 decreases which can be depicted from the rate at which E dis rises with V 1 .
D. Wavefunction dynamics
The evolution of the wave function is of interest because all physical observables (7) (8) (9) (10) (11) (12) are derived from ϕ(x; t). Fig. 6 displays |ϕ(x; t)| at different V 0 and evolution times. For V 0 = 5, the profile of |ϕ(x; t)| is largely determined by the external harmonic trap, although it displays ripples arising from the BCOL. The lattice frustration has a significant effect at V 0 = 20 when the BCOL determines the structure of the density profile. Nevertheless, the increased lattice frustration yields a larger kinetic energy for the superflow as shown in Figs. 2 and 3. For V 0 = 100, the role of the lattice frustration is clearly evident as it seems that the bosons tend to localize in the BCOL with increasing V 0 . However, what is happening is that the external harmonic trap is trying to localize whereas the BCOL is trying to delocalize the BEC. The BCOL insreases the local gradients of the wavefunction ∂|ϕ(x; t)|/∂x and the phase ∂φ(x; t)/∂x necessary for generating the zero-point motion [Eq. (7)] as well as superflow [Eq. (8)], respectively. In the presence of an external harmonic trap, an increased lattice frustration boosts the kinetic energy of the system. The external harmonic trap still plays a role in defining the overall shape of ϕ(x; t), yet its dominance has been weakened by the growing influence of the BCOL. The localization observed for V 0 = 100 is similar to the classical dynamical transition to a MI state reported earlier by Cataliotti et al. [5] .
IV. CONCLUSIONS
In summary then, the long-time averaged dynamics of a strongly interacting BEC, confined by a combined harmonic plus BCOL potential, has been examined. It has been found that the harmonic trap suppresses the effects of a BCOL in these dynamics if it is weak V 0 ∼ 5, but for a much stronger BCOL V 0 ∼ 100, it begins to compete with the external harmonic trap. Earlier, Verma et al. [10] have shown that there exists a relative competition between the harmonic trap which tries to localize and the optical lattice which tries to delocalize the BEC. Indeed, the present work has demonstrated that as V 0 and V 1 become larger (keeping V 1 < V 0 ), the increased lattice frustration acts in favor of the superflow by boosting its kinetic energy. Qualitatively, there is no difference between the dynamics arising from a BCOL with a rational and that with an irrational ratio of the OL wavelengths, since it is found that this is washed out by the external harmonic trap. In the future, we shall examine the dynamics under the effects of a changing external harmonic trap, i.e., with different values of its strength σ. This will be accompanied by an examination of the corresponding energy band structure of the BCOL. 
